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Abstract
Let G = (V, E) be a graph, k ∈ N and let NG (v) and dG (v) denote the neighbourhood and degree of a vertex v ∈ V in G,
respectively. The minimum cardinality of a set D ⊆ V with |NG (v)∩ D| ≥ k for all v ∈ V \ D is the k-domination number γk(G)
of G. Similarly, the minimum cardinality of a set D ⊆ V with |(NG (v) ∪ {v}) ∩ D| ≥ k for all v ∈ V is the k-tuple domination
number γ×k(G) of G.
Let G be a graph of order n and minimum degree δ and let k ∈ N. We prove that if δ+1ln(δ+1) ≥ 2k, then
γk(G) ≤ n
δ + 1
(
k ln(δ + 1) +
k−1∑
i=0
1
i !(δ + 1)k−1−i
)
and
γ×k(G) ≤ n
δ + 1
(
k ln(δ + 1) +
k−1∑
i=0
(k − i)
i !(δ + 1)k−1−i
)
.
Furthermore, we prove that if δ ≥ 2, then
γ×3(G) ≤ n
δ − 1
(
ln(δ − 1) + ln
(∑
v∈V
(
dG (v) + 1
2
))
− ln (n) + 1
)
which generalizes a recent result of J. Harant and M. Henning.
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1. Introduction
We consider finite, simple graphs G = (V , E) with vertex set V and edge set E . The neighbourhood {v ∈ V |
uv ∈ E}, the closed neighbourhood {u} ∪ {v ∈ V | uv ∈ E} and the degree |{v ∈ V | uv ∈ E}| of a vertex u ∈ V in
G are denoted by NG (u), NG [u] and dG(u), respectively.
Let k ∈ N be a positive integer and let D ⊆ V be a set of vertices. The set D is a k-dominating set of G
if |NG (u) ∩ D| ≥ k for all u ∈ V \ D. The k-domination number γk(G) of G is the minimum cardinality of a
k-dominating set of G. Similarly, the set D is a k-tuple dominating set of G if |NG [u] ∩ D| ≥ k for all u ∈ V and the
k-tuple domination number γ×k(G) of G is the minimum cardinality of a k-tuple dominating set of G.
The k-domination number was introduced by Fink and Jacobson [6,7] and the k-tuple domination number was
introduced by Harary and Haynes [9]. For a very comprehensive treatment of domination in graphs we refer the reader
to [10,11]. Note that γ1 and γ×1 correspond to the well-known domination number and total domination number.
Obviously, the weakest reasonable condition on the minimum degree δ needed to prove upper bounds on the k-
domination number of a graph G of order n is δ ≥ k and Cockayne et al. [5] proved that γk(G) ≤ knk+1 given
this condition. Under stronger assumptions on the minimum degree δ stronger bounds should follow and assuming√
ln δ > k Caro and Yuster [3,4] proved upper bounds on γk(G) and γ×k(G) for graphs G of order n that are of the
form (1+oδ(1)) n ln δδ . Our first result in the present paper gives upper bounds on γk(G) and γ×k(G) which are weaker
than the last-mentioned bounds but which hold under much weaker restrictions on the minimum degree.
Again under the weakest reasonable assumption on the minimum degree Harant and Henning [8] proved a bound
on γ×2 and our second result in the present paper extends their bound to γ×3. Finally, we pose a related conjecture.
2. Results
All our results are proved using the probabilistic method [1].
Theorem 2.1. Let G = (V , E) be a graph of order n and minimum degree δ and let k ∈ N. If
δ + 1
ln(δ + 1) ≥ 2k, (1)
then
γk(G) ≤ n
δ + 1
(
k ln(δ + 1) +
k−1∑
i=0
1
i !(δ + 1)k−1−i
)
(2)
and
γ×k(G) ≤ n
δ + 1
(
k ln(δ + 1) +
k−1∑
i=0
(k − i)
i !(δ + 1)k−1−i
)
. (3)
Proof. Let p = k ln(δ+1)
δ+1 and note that (1) implies 0 ≤ p ≤ 12 . We form a set D by picking every vertex v of G
independently at random with P[v ∈ D] = p. For 0 ≤ i ≤ k − 1 let Di = {v ∈ V | |NG [v] ∩ D| = i}. For v ∈ V
and 0 ≤ i ≤ k − 1 we have
P[v ∈ Di ] =
(
dG(v) + 1
i
)
pi (1 − p)(dG(v)+1−i)
≤
(
dG(v) + 1
i
)
(1 − p)(dG(v)+1)
≤ 1
i !(dG(v) + 1)
i (1 − p)(dG(v)+1)
≤ 1
i !(dG(v) + 1)
i e−p(dG(v)+1) (1 − x ≤ e−x for x ∈ R)
= 1
i !e
−p(dG(v)+1)+i ln(dG(v)+1).
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Since p ≥ k−1
δ+1 , we have
∂
∂dG(v)
(−p(dG(v) + 1) + i ln(dG(v) + 1)) = −p + idG(v) + 1 ≤ −p +
k − 1
δ + 1 ≤ 0
and the exponent of e in the last expression is monotonically decreasing in dG(v) which implies
P[v ∈ Di ] ≤ 1i !e
−p(δ+1)+i ln(δ+1)
= 1
i !e
−k ln(δ+1)+i ln(δ+1)
= 1
i !
1
(δ + 1)k−i .
Hence
E[|Di |] ≤
∑
v∈V
P[v ∈ Di ]
≤ 1
i !
n
(δ + 1)k−i
for 0 ≤ i ≤ k − 1.
Since D ∪
(⋃k−1
i=0 Di
)
is a k-dominating set of G, the first moment method [1] implies
γk(G) ≤ E
(∣∣∣∣∣D ∪
(
k−1⋃
i=0
Di
)∣∣∣∣∣
)
≤ E(|D|) +
k−1∑
i=0
E(|Di |)
≤ n
δ + 1
(
k ln(δ + 1) +
k−1∑
i=0
1
i !(δ + 1)k−1−i
)
which proves (2).
Since δ ≥ k, for 1 ≤ i ≤ k − 1 there is a set D′i ⊆ V \ D such that |D′i | ≤ (k − i)|Di | and |NG [v] ∩ D′i | ≥ (k − i)
for all v ∈ Di . (Such a set can be constructed for example as the union of sets containing (k − i) neighbours of v ∈ Di
that do not lie in D.)
Since D ∪
(⋃k−1
i=0 D′i
)
is a k-tuple dominating set of G, the first moment method [1] implies
γ×k(G) ≤ E
(∣∣∣∣∣D ∪
(
k−1⋃
i=0
D′i
)∣∣∣∣∣
)
≤ E(|D|) +
k−1∑
i=0
E(|D′i |)
≤ E(|D|) +
k−1∑
i=0
(k − i)E(|Di |)
≤ n
δ + 1
(
k ln(δ + 1) +
k−1∑
i=0
(k − i)
i !(δ + 1)k−1−i
)
which proves (3) and the proof is complete. 
For k = 1, Theorem 2.1 naturally generalizes results in [1,2,12] (cf. Theorem 2.18 in [10] for exact references).
Note that
∑∞
i=0 1i! = e and
∑∞
i=0
(k−i)
i! = (k − 1)e. Therefore, under the assumptions of Theorem 2.1, we have
γk(G) ≤ n
δ + 1 (k ln(δ + 1) + e) (4)
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and
γ×k(G) ≤ n
δ + 1 (k ln(δ + 1) + (k − 1)e) . (5)
Looking at Theorem 2.1 we think of k as a fixed parameter and of n and δ as having arbitrarily large values. This
implies that a condition similar to (1) is quite natural in this context and also that the estimation of P[v ∈ Di ] that is
central for the proof of Theorem 2.1 cannot be improved considerably.
For the special case k = 2 and without the assumption (1), Harant and Henning [8] proved
γ×2(G) ≤ n
δ
(
ln(δ) + ln
(∑
v∈V
(dG(v) + 1)
)
− ln (n) + 1
)
(6)
which appears to be weaker than (3) or (5) — especially whenever the average degree is considerably larger than
the minimum degree. Actually, for fixed minimum degree the bound (6) increases with the average degree which is
slightly counter-intuitive.
Still (6) is interesting as it avoids the assumption (1). We believe that it can be generalized to k ≥ 3 and pose the
following conjecture.
Conjecture 2.2. If k ∈ N and G = (V , E) is a graph of order n and minimum degree δ ≥ k, then
γ×k(G) ≤ n
δ + 2 − k
(
ln(δ + 2 − k) + ln
(∑
v∈V
(
dG(v) + 1
k − 1
))
− ln (n) + 1
)
.
Next we prove the case k = 3 of Conjecture 2.2.
Theorem 2.3. If G = (V , E) is a graph of order n and minimum degree δ ≥ 2, then
γ×3(G) ≤ n
δ − 1
(
ln(δ − 1) + ln
(∑
v∈V
(
dG(v) + 1
2
))
− ln (n) + 1
)
.
Proof. For 0 ≤ i ≤ 2 let mi =∑v∈V ( dG(v)+1i ).
Let 0 ≤ p ≤ 1. We form a set D by picking every vertex v of G independently at random with P[v ∈ D] = p. For
0 ≤ i ≤ 2 let Di = {v ∈ V | |NG [v] ∩ D| = i}.
Similarly as in the proof of Theorem 2.1 we obtain
γ×3(G) ≤ E[|D|] + 3E[|D0|] + 2E[|D1|] + E[|D2|]
= np + 3
∑
v∈V
(
dG(v) + 1
0
)
(1 − p)dG(v)+1 + 2
∑
v∈V
(
dG(v) + 1
1
)
p(1 − p)dG(v)
+
∑
v∈V
(
dG(v) + 1
2
)
p2(1 − p)dG(v)−1
≤ np + 3m0(1 − p)δ+1 + 2m1 p(1 − p)δ + m2 p2(1 − p)δ−1
= np + (1 − p)δ−1
(
3m0(1 − p)2 + 2m1 p(1 − p) + m2 p2
)
≤ np + e−(δ−1)p
(
3m0(1 − p)2 + 2m1 p(1 − p) + m2 p2
)
= np + e−(δ−1)p
(
p2(m2 − 2m1 + 3m0) + p(2m1 − 6m0) + 3m0
)
.
Since δ ≥ 2, we have
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2m1 − 6m0 = 2
∑
v∈V
((
dG(v) + 1
1
)
− 3
(
dG(v) + 1
0
))
= 2
∑
v∈V
(dG(v) − 2)
≥ 0
and
m2 − 2m1 + 3m0 =
∑
v∈V
((
dG(v) + 1
2
)
− 2
(
dG(v) + 1
1
)
+ 3
(
dG(v) + 1
0
))
= 1
2
∑
v∈V
(dG(v)(dG(v) + 1) − 4dG(v) − 4 + 6)
= 1
2
∑
v∈V
(
d2G(v) − 3dG(v) + 2
)
= 1
2
∑
v∈V
(dG(v) − 2)(dG(v) − 1)
≥ 0.
Hence
(
p2(m2 − 2m1 + 3m0) + p(2m1 − 6m0) + 3m0
)
is monotonically increasing in 0 ≤ p ≤ 1 and thus
γ×3(G) ≤ np + e−(δ−1)pm2.
This last expression is minimized for p = 1
δ−1 (ln(δ − 1) + ln(m2) − ln(n)) which implies
γ×3(G) ≤ n
δ − 1 (ln(δ − 1) + ln (m2) − ln (n) + 1)
and the proof is complete. 
If for integers 0 ≤ j ≤ k − 1 and k ≤ d we have
j∑
i=0
(−1)i (k − j + i)
(
k − j + i − 1
i
)(
d + 1
j − 1
)
≥ 0,
then a proof similar to the proof of Theorem 2.3 should imply Conjecture 2.2.
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